
MATH-4800 NUMERICAL COMPUTING Summer 2023

Assignment 1, due before class, Wednesday May 31, 2023.

Haowen He heh4@rpi.edu

1. Write a Matlab code to evaluate a polynomial using Horner’s method as described on page 3

of the text (and discussed in class). Use your code to evaluate the polynomials in Text Exercises

1(b), 2(c) and 4(a) on page 5.



2. Text Exercises 1(a) and 1(b) on page 20, and Computer Problem 1 on page 20.

seck:There is subtraction of nearly equal numbers when
tan**

seck=0. Setting seax, we have 2Ki

for ke. Reformulating by using the trig identity

sec*x tanx, we have that

tanx
Secx. SecX sect

tanex sec tankx) secx) SecX

avoiding the cancellation problem for xnear 2ki.

↳

X

x,5
:There is substraction of nearly equal numbers

when, x =0. Setting 11 x13, we

have x 0. Simplifying the expression yields

3 x,3 S 3x 3x24
* X

x 3x2 3x

X

- 3x 3

avoiding the cancellation problem for xnear 0.



SecX

tan** SecX

↳ x,5 I 3x 3
X



3. Let f̃(x) approximate f(x), where

f(x) =
1p
3 + x

, f̃(x) =
1

2
� x� 1

16
.

Find the absolute forward and backward errors in the approximation when

(a) x = 0.9,

(b) x = 1.2.

as Compute 80.9
-3-0.9

0.50637

50.9 2

0.9
60.50625

forward absolute error 810.91 810.91 0.00012.

Let I solve i fix), then 0.50625
13

Y 10.50625,2 3

0.90184

Backward absolute error Ix0.00184.



b) Compute 8.2
13 -.2

0.48795

8.2 22 60.48750

forward absolute error &, 1.29 fil.d 0.00045.

Let I solve ifix), then 0.48750d3 I

Y 10.4875032 3

. 207758

Backward absolute error I x 0.087758.



4. The roots x1 and x2 of the quadratic equation x2 + 2bx + c = 0 may be computed using the

results of the usual quadratic formula

x1 = �b�
p

b2 � c, x2 = �b+
p
b2 � c.

(a) Use 6-digit, base 10, floating-point arithmetic to compute the two roots using the formulas

above for the cases (i) b = 1.23456 ⇥ 10
6, c = 9.87654 ⇥ 10

8
and (ii) b = �2.46864 ⇥

10
�2, c = 1.35753⇥ 10

�8
. Compute the “exact” values using full precision on a calculator or

using Matlab. Determine the relative (forward) errors in the roots computed using 6-digit

arithmetic. Are the 6-digit roots accurate? Explain the results in terms of round-o↵ error.

(b) Write a Matlab function, called myRoots say, that takes as input the values of b and c in the

quadratic equation above and returns x1 and x2 computed accurately. Base the calculation

of the roots in your Matlab function on the formulas for x1 and x2 above, or the alternate

forms.

x1 =
c

�b+
p
b2 � c

, x2 =
c

�b�
p
b2 � c

.

Your Matlab function should check the input values and decide which formulas give the most

accurate results. Run your code for the two cases given in part (a).

as Quadratic formula X, bebt c

*2 bobd c

=)b.23456x00, 9.87654x 08

use the resultof rounding
b) 52414 10

in the nextstep with the bC) c . 52315 10
end of computation

·b d
C . 23416x ob

xi 2.46872106
2

I
2.46872106

ri 0

2
x2 4 0

C

2 400.067

ra z. 67 10
- 4



Quadratic formula x, bob" c

*2 bobd c

(i) b 2.4686410-2, 1.35753 10
- 8

b) 6,09418 10
- 4

bC) = 6.09404 104

d-bc 2,4686/xo-2

- 7
xic 3 10

7

12.749570

~, 4.11 10-2

x2, 4.9372510-d

2 4.9372510
- 2

Ta 0

on-ero errors occur when we add two numbers with opposite

sign:cancellation of the significantdigits leaves the accumulation

of the previous steps' round-off error as the result,



compare with

results from part (as



5. Text Exercise 6 on page 24.

as P4SX) 810) 8iNo)x Nol 28 "solid dos

68"0) ol 2484o)x- xos4

fix) x2 and to

The firstfour derivatives of fix x
- *
are

fix) -2x-3, 8"ix 6x4, 8"x 24x-5,8's 120x-0.

At No, these derivatives are

fill, 8's 2,8", 6.8"1-24, 8, 120.

substituting them into the formula for Pp(x) yields

P4IX) 2IX) 314 13241 1 51X 14.

bi P4 0.91 2009 ( 310.9192410.9 13510.9 14

. 2345

P4. I 23. 31. 1324911 (35). 14

0.8265



c By the Lagrange's form of the remainder, the error

bound is given by 64. To maximize error, we

minimize the denominator by setting a 0.9. Thus,

for x0.9, the error is bounded by 1.25445x10-4,

and for x 1.1, the error bound remains the same.

We expectthe approximation to be better for x

because the derivatives increase greatly as X0.

d) Actual error for x0.9:.234567901 . 235

6.7901 0-5smaller than
1.25445x10-4 the error bound

Actual error for x1.):0.8265 0.82644628

5.372 10-5smaller than

the error bound
1.25445 x10

- 4



MATH-4800 NUMERICAL COMPUTING Summer 2023

Assignment 2, due before class, Thursday June 8, 2023.

Haowen He heh4@rpi.edu

1. Let P (x) = x3 � 2x2 � 5x+ 8.

(a) Show analytically (following the work in class) that P (x) has three real roots, and find

intervals of x that bracket each root individually.

(b) Write a Matlab function that determines the root of a function using the bisection method.

Use your function to determine the three roots of P (x) . For each root, use the stopping

criterion b � a < 10
�6

, where [a, b] is the interval of the bracket at the nth
iteration. (Hint:

see the example Matlab codes on LMS.)

(c) Repeat the work in part (b), but now using the method of false position (as discussed in

class). For each root, use the stopping criterion |xn+1 � xn| < 10
�6

, where xn and xn+1 are

successive approximations of the root during the iteration.

a consider the cubic polynomiah Pix) xax5x8.

Itfollows thatPixi is continuous everywhere

and has at most three distinct roots. We want

to show thatPixs changes sign on some intervals

so that Pcx) must have a root on that interval

by the intermediate value theorem. from

the plot of Pix) on the right, we can identify
three such intervals:check:setting Pix) 344450

x , 0.8, x2 =2.1

P"ix) 6x4P,X) 0&P1X2) O



· [-3,-2. P( - 3) 22 0, P1-2) 20

· [1, 2] PII) 2 0,P12) -20

· [2, 3] P12) -20, P13) 20

Therefore, P(x) has three distinct reach roots, and there is a unique

root in each of the three intervals above.

myBisection. m

from in-class example

use the midpointof the
interval to update the endpoints



three roots of Pix)

using bisection method

(x,
2.1249

x= 1.3633

(x=2.7616



myfalsePosition. m

Instead of using the midpointof the interval

to update the interval endpoints, use the zero of

the line connecting the points ca, Pass& 1b, Pcbs).

three roots of P(x) /x 2.1249

using the method
x2.3633

of false position I +3 = 2.7616

n



2. Find all fixed points of the following g(x):

(a)
x+ 6

3x� 2
; (b)

8 + 2x

2 + x2
; (c) x5.

as we have g.1x)542. The fixed points of g.(x) are the

* 6
solutions of y,(x) X

3x2
X

x 6 3x2 ax

3x2 3x 60

X
I
x& (X-2/IX 11 0 10-

Required

The fixed points are foundto be. 2. Local convergence
requires that gicx) atthe fixed point. And since

20

g,(x) 13x-2,2,
we note thatgis 1, gilds i

Thus, the fixed-point iteration is locally convergent at -1, butnot at 2.

8 24
b. We have 921x) 2 x2.

The fixed points of gcx) are the

8 24solutions of 921x) X
2 xd

X
10
-

8 2x 2x xE Required
x80

therefore, X 2 is a fixed point and the other two fixed points,
2x2 16x 4

x ↓13 Iare complex. Now since gicx) 12,x2,2,
we note

thatgaids, thus, the fixed-point iteration is not locally convergentat2.



We have ggix) x5. The fixed points of 9,(x) are the

solutions of 9,(x) X 4
5

X

x5 x 0

x(x*11 0

x[(x+1)(x+1)(x -1)]0

3 40, I complex fixed points Iomitted

The fixed points are found to be 0.-1. Local convergence

requires that yick) atthe fixed point. And since
10
-

Required
gix) 5x4, we note that330. 0, 9, 11 5.

Thus, the fixed-point iteration is locally convergent at0, butnot at 11.

9,1x3
ga'x 95(x)

c ⑦

y X y X

.

.

y X

- d



3. Consider the fixed-point iteration xn+1 = g(xn), where g(x) = x + ln(2 � x), and define the

interval I = [1/2, 4/3].

(a) Show that g(x) 2 I whenever x 2 I, i.e., g(x) maps the interval I into itself, and thus a fixed

point of g(x) exists for x 2 I.

(b) Consider g0(x) for x 2 I to show that the fixed-point iteration converges to the unique fixed

point of g(x) assuming x0 is chosen in the interval I.

x

as Given gix) x enid X). We have gill a x 2X I

for x = I
-

2,4s, we note that the denominator of

gix) is always positive. And the numerator is positive for

2 x1, zeroforx, and negative for 1443.

It implies that gix) is increasing for a x 1 anddecreasing
for 1 x4s. Note thata gc'al =0.9 9,43) =0.93

q(l 43, which follows that gix) remains in the

desired interval for xel -2,4s.

Haowen He



b) from above, we have gill
x

2 X 2 X

g"(1
72 -x)(1 - x) - I

12 - x12 12 - x)2

indicating thatg"(x) 0 for all xe I-a, 4s, and

thus, ycx, is decreasing monotically in 1, and the extrema

occurs atthe two endpoints. Now since gins - s

g'sa

which follows that gives a



4. Text exercise 16 on page 44.

Check if cube root of 4 is a fixed point for the following functions:

setting y, 14).I X 2 x24x

setting gac)' & 4x2
44

setting 31x334 x4sha 34 4x

Check the rate of convergence for the following functions:

gicxs x 2, atx334, gics - a

gax) 2 ax-3, atx334, g22x) - 4

gg'x gY3, atx 334,9,14) - 0

C, 13. Aconverge from fastestto stowest.



5. Consider the functions

f1(x) = x3 � 2x� 5; f2(x) = e�x � x; f3(x) = x sin(x)� 1.

(a) Write a Matlab function to compute a root of the function f(x) using Newton’s method. Use

your code to compute the smallest positive root of each of the functions fi(x), i = 1, 2, 3,
above. You will need to determine a suitable starting guess, x0 , for each case, and use the

stopping criterion |xn+1 � xn| < 10
�12

.

(b) Repeat the calculations in part (a) using the secant method. (You may use the values for x1
obtained in part (a) along with x0 for the two starting values needed for the secant method.)

Compare the number of iterations needed to compute each roots using the secant method

versus the number needed in part (a) using Newton’s method.





↓SinX I

-
X

x
-2x - 5 2 - X

guess to 2guess to 0.5guess do? I



MATH-4800 NUMERICAL COMPUTING Summer 2023

Assignment 3, due before class, Thursday June 15, 2023.

Haowen He heh4@rpi.edu

1. Let

A =

2

4
1 �2 �1

↵ 3 1

�1 ↵ 1

3

5 , b =

2

4
�

�4

2

3

5

and let x be the solution of Ax = b, if it exists. Determine conditions on the constants ↵ and �
such that (a) a solution or solutions exist and (b) a unique solution exists.

a det As. 3 a 2) a II. ad 31

3 a 2x 2 a 3
2
& 2

when det As O, 92 & 2 0

a 21x ( 0

& 1,2

matrix A is non-singular, and thus, a solution exists.

when a -1. In 12, 12I-1-112 As R, s

2 - I

I
B

13 3R2 Rs
2 - I

I
B

0 0 B 0 0 34

o -so
s 00 0 4- 10

In order for solutions to exist, 48 100 B 52.



when a 2, i 122 2 212,I 13 , R3

2 - I B

0 A 8 I -* In order for solutions to exist,
00

B 20 B 2

Therefore, when a -1, 2 or a 1,2, or a 2, B -2,

a solution or solutions exist.

b) When a -1,2, determinant of A is non--ero. It

follows thatmatrix A is non-singular, which implies that

Ais invertible, and thus Ab is a unique solution of

Ax b, regardless of the value of we choose.



2. (a) Consider the two augmented matrices of the form [A|b] in text exercise 4 on page 81. For

each matrix, use row operations to reduce it to the upper triangular form [U |c] and then find

the solution of Ux = c using backwards substitution.

(b) Text exercise 6 and 7 on page 82.

ab I 122 12 212,
3 -4 -2

I
3

Itis
is in

0 2 5 - 4
W 40 2

M3 is 2nd 3 -4 -2

02 i) - + -c
·o -10% -

- 10X3 10

Y
- I

2x6 5x3 - 4 2x2-415 1 x6 2

3x, 4x22x3 - 334,32-23x, 1

I

Solution & '2
- I

21 -12 21 -12

I 1 2 3K, I62 -28 0 - 1 12

4 6-35Rs Ks-2R, 04-1 1

Is s 412I
2

I0 - 1 12·"



3x3 9

Y
x3 3

- 12x3 2 - x2 23 - I x- 1

2x1 x2 N3 G 2x, 2 - 1 134 x- 2

2

Solution & I

3

b) Given that the computer takes 0.005seconds to

perform back-substitution which has complexityof 0,n2.

Iow as a futh Gaussian elimination takes approximately

Inoperations, with n 5000, it follows that

n. 54

0.005. 2.5000

3

17s
W



low given the computer takes 0.002 seconds to perform back-substitution

on a 4000 by4000 matrix, it follows that it can perform
4000

8 x/09 operations second
0.002

solving a generate system of 1000 equations with 1000 unknowns with take

approximately900059000 4.86081 x10" operations, and the computer

4.86081 x10"with need approximately W 65 to compute.
8 x 10



3. Let Â be an n⇥ (n+ 2) matrix and consider the following steps in a Matlab code:

Determine the number of flops used to compute the elements of x for a given positive interger n.
(Find an expression for the number of flops exactly, without approximation for large n.)

Divisions Sa"
2 2 (n-11

2n

2 M

Multiplications Em :I : - 4 (I -I
kb 15 11

/

n- 1 n- 1

2:4 I 2 in I
I I I

n- 1 n- 1

2 n: I :I
I I

n(n-1)
ann 2

2

24t 24 H
2

4

n2

Additions Sa n2-n same as multiplication

one floating-point subtraction from each multiplication

otah an i nn - n and flops



4. (a) Write a Matlab code to compute the LU -decomposition of a given n⇥ n matrix A following

the algorithm discussed in class. Your code need not perform row interchanges (pivoting), but

should check for very small pivot elements and provide a warning if one is encountered.

(b) Use your code to compute the L and U factors for the following matrices:

(i) A=[6 3 2; -1 4 2; 1 3 -5]; (ii) A=hilb(5);

Print out L and U and compute norm(A-L*U) for each case. The latter is Matlab’s calculation

of the distance (i.e. norm) between A and the product LU . What are the expected values

for this norm?

Part I Part II



a) 22. 3 3.4 4.1 0

Ma, , 2 M3, 1 3 M4,14

0 0 0

-2 0 0
Mi - 3 ⑧ 0

-40 0 I



44.1-1 - 3 3.11) O

M3,2 - 4 M4,23

000

0 00

M2
0 410

0-30

By definition given above, elimination matrix M has the

form of
o

0, where the bottom entries should be in the same column.

⑧ 00 I 0

↓ jo
b) Pi

0 I

Ps
0100

89! j 00 0

↓I ⑧ O

for permutation matrix P, the productPA is a new matrix

whose rows consists of the rows of A rearranged in the new order.



MATH-4800 NUMERICAL COMPUTING Summer 2023

Assignment 4, due before class, Monday June 26, 2023.

Haowen He heh4@rpi.edu

1. Text exercises 2(a), 2(b), and 4 on page 97. Hint: it may be helpful to recall the following
formulas valid for 2⇥ 2 matrices

A =


a b
c d

�
, A�1 =

1

ad� bc


a b
c d

�
.

I 2

2a A A 0 max33,737
3 4

1 2 A- max?3.23 3

32 2

ky'A 7 x 3 21

12.01

213 A A 0 max33.01,939
3 6

1
-

200 67 A- max3267,4033267
100 -003

ky'A:9 x2672403



(4a)
I 21

Ra a 2,
I 0.0/X2 0 02x axa ?2 4.01 2 0 0.01 0

I

Actual solution: X
0

xc ) - 1,17

forward error:x xx Max32, 132

Backward error:b Axc o max [0,0.013 0.01

reh, forward err
Error magnification factor reh, backward err

21

0.012

400

24/3 xc (3, - )

forward error:x xx Max? 2,132

Backward error:b Axc o max [0,0.013 0.01

reh, forward err
Error magnification factor reh, backward err

21

0.012

400



(42) xc 12, - 2

Forward error:x xx Max3, 23

Backward error:b Axc x max[0,0.00530.005

reh, forward err
Error magnification factor reh, backward err

11

0.0052

400



2. Computer problem 1 on page 98. For this problem, use Aij = 3/(i+2j�1) instead of the formula
for Aij given in the text. Be sure to include a brief comment on the result of the comparison. Is
the result expected and why.

n6

n 10



3. Text exercises 2(a), and 4(b) on page 106. These problems are to be done using hand calculations.

2a A
I I 0

Now I has the P
0 I 8

21 - 1 00 I

-11-1 largest pivotvalue I 00

2 I - I 21-
PA 12 R2 , 13 13 2
!

I - I 0 2 -32
I 0 By As 2R, 02 2

21- 00

0 2 -32 W 2 - -210
00 12 13 1

PA 25

0 10 I I 0 0 0 2 -
00 I 2 I - I -2 I P 0 2 -32
10-11-1 ' 13 I 00



4b A
- I ⑧ I

Now I has the P
0 I 8

2 I I 00 I
- 1 20 largest pivotvalue I 00

2 I I 2 I I
PA
!
2 0

12 R2 ,
0 52'2

13 1 2
- 0 I 123 As 124 0 '232

2 I - I 0 D

0 52 2 W 2 - -210
0 0 7;

-2 15 I

back substitution:Ph
0 10 -2 17
00 I 17 3

10 0 3
-2

17
0 D 17 , y'

Ly Pb -2 I P 3
-2 15 I -2 Lya2
2 I - I 17 /X33

Ux y 052 '2 11.5
0 ⑧ 75 4.2 II

X " I



4. Write a Matlab code (following the algorithm discussed in class) that takes an n ⇥ n matrix
A as input and returns P , L and U such that PA = LU . Your code should use row elimination
with partial pivoting. Test your code using the matrix in text exercise 2(a) above and on a matrix
generated using A=rand(6,6). In both cases, compute norm(P*A-L*U) to verify that your code is
working correctly.

⑲

n



5. Consider the tridiagonal matrices

A =

2

4
2 3 0

�1 �5/2 2
0 �1/4 3/2

3

5 , B =

2

4
4 �2 0

�2 3 1
0 1 1

3

5 .

(a) Use direct factorization (as discussed in class) to find (by hand calculations) a lower triangular
matrix L (with ones on the main diagonal) and an upper triangular matrix U such that
A = LU .

(b) Show that the symmetric matrix B is positive definite by writing xTBx as a sum of squares
involving the three components, (x1, x2, x3) , of x. Be sure to show that xTBx = 0 implies
that x1 = x2 = x3 = 0.

230 Wil UIL His

a) A
-1522 22,4,1 U221 221UI2 was I ha, nis

0 -

4 2 23,UIl 231412 + h32422 hs1U3 thsaas +Uss

2214il - I has - 12

U. 2 1231 Un 0 250

Und fains- 2"Had I
U12 3 i 231412 + 232426 - 232 4

I was Gains 2 U23 2

U13 0

(sIU3+hsaUas+Uss 2 Uss I

100 I 00

L 221 I 0 12 I 0

231232 I 0 '4 I

U. UIL U13 230

W 0 U22 U23 0 - 1 2

& O 433 00 I



b xTBx4494.2342 2Na3 x3

2

4444,N2 a 42 X 2xas x

2x, xal 2 I2 X332 0.

low as xTBXis the sum of squares, itfollows thatxBx0

If and only if 2x.-42 x2 x2 +430, which implies that

att three components of Xare zero.



6. Let

G(x) =

"
1
4(x1 � x2 � 1)

↵(x21 � 1) + x2

#
, F(x) =

"
1
2x1 � x2 � 1

x21 � x22 � 1

#
.

(a) Show that G(x) has a fixed point x? = (�1, 2) for any value of the constant ↵. Analyze the
eigenvalues of the Jacobian matrix J = @G/@x to determine whether the fixed-point iteration
xk+1 = G(xk) is locally convergent when (i)↵ = �1/4 or when (ii) ↵ = 1/2.

(b) Let f1(x1, x2) and f2(x1, x2) be the two component functions of F(x) . Plot the graphs of
f1 = 0 and f2 = 0 in the x1�x2 plane to estimate the roots x = r of F. Write a Matlab code
to determine all roots of F using Newton’s method. Output xk , the kth iterate in Newton’s
method, and ||xk � xk�1|| to verify quadratic convergence.

a) Gix 4 2 -

x, thus xis a fixed pointof GIx)
& S 2 2

regardless of the value of constant a
2616G1 '4 '4J 2x, 6x2

4 51-1,2) 4

222 are 2xx, I 20 I

At4, J,
'4 4

2 I

det 35, AIS I - x - Y4 4Ix 48x*x8
%2 1 - x

set xx 8 0 1x - 2)(x - 4)0

X. d, x4

max(x=)

Therefore, when a -

4, the fixed-point iteration is locally convergent.



Ata, Ja
'4 4

I I

det 152 AIS I - x - Y4 4Ix 4. I** Ex
%2 1 - x

set xx 0 x(x - ) 0

4. 0, N2

max(x=)

Therefore, when a a, the fixed-point iteration is NOTlocally convergent.





MATH-4800 Summer 2023
Numerical Computing Exam 1 Solutions Schwendeman/Traldi

Thursday, June 29, 2023

Name (print clearly in the box): RIN (print clearly in the box):

Instructions:

1. Please answer all 5 problems with su�cient supporting work.

2. No electronic gizmos (laptops, calculators, cell phones, etc.) permitted.

3. No books or notes permitted, but one crib sheet is allowed.

4. Write out and sign the Honor Pledge below.

Problem (pts) Score

1 (12pts)
2 (12pts)
3 (12pts)
4 (12pts)
5 (12pts)

Total (60pts)

Honor Pledge: I have neither given nor received any illegal aid on this exam.

1



1. [12pts] (a) Let S(x) =
p
6� 2x . An approximation of S(x) is given by

S̃(x) =
5

2
� x

2

Compute (i) the absolute forward error in the approximation when x = 5/2 and (ii) the relative backward
error in the approximation when x = 3/2 .

Solution

The absolute forward error is
|S̃(5/2)� S(5/2)| = |5/4� 1| = 1/4

The relative backward error is |x̃� x|/|x| , where S(x̃) = S̃(x) . Have

S̃(3/2) =
7

4
= S(x̃) =

p
6� 2x̃ ) x̃ = 47/32

Thus,
|x̃� x|
|x| =

|47/32� 3/2|
|3/2| =

1

48

2



1. (b) Let Q(x, y) = x +
p
x2 + y2 . The function Q is computed using finite precision arithmetic for the

following (x, y) pairs: (i) (10�5
, 105) and (ii) (�105, 10�5) . For which of the two pairs, if any or both,

does the calculation of Q lead to a large loss of significant digits (i.e. more than 2 or 3 significant digits
say)? Explain.

Solution

For the first pair, we have x = 10�5 and y = 105 . Since x ⌧ y , we have
p
x2 + y2 ⇡ |y| = 105 with no

loss in significant figures. Thus,
Q ⇡ x+ |y| ⇡ |y| = 105

with no loss of significant figures.

For the second pair, we have x = �105 and y = 10�5 and now |x| � y . Thus,
p
x2 + y2 ⇡ |x| = 105

with no loss in significant figures. However,

Q ⇡ x+ |x| ⇡ 0

with loss of significant figures with nearly equal numbers are subtracted.
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2. [12pts] (a) Let

f(x) =
x

x+ 1

and suppose P (x) is the second-degree (quadratic) Taylor polynomial approximation of f(x) about the
point x0 = 1 . Use the remainder term to estimate |P (1.1)� f(1.1)| .

Solution

Use

f
0(x) =

1

(x+ 1)2
, f

00(x) = � 2

(x+ 1)3
, f

000(x) =
6

(x+ 1)4

and

f(1) =
1

2
, f

0(1) =
1

4
, f

00(1) = �1

4
.

to get

P (x) =
1

2
+

1

4
(x� 1)� 1

8
(x� 1)2

The remainder term is

R(x) =
f
000(c)

3!
(x� 1)3 =

1

(c+ 1)4
(x� 1)3

where c is between x and 1 . For x = 1.1 , use c = 1 to maximize the remainder. Thus,

|P (1.1)� f(1.1)|  1

16
10�3
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2. (b) Let f(x) = x
3 � x

2 � 3x+ 1 . A root of f is bracketed on the interval x 2 [0, 1] . Use two steps of
the method of false position to determine an approximation for the root.

Solution

Note that f(0) = 1 and f(1) = �2 . The line L1(x) through the points (x, y) = (0, 1) and (1,�2) is

L1(x) = 1 +
�2� 1

1� 0
x = 1� 3x

Set L1 = 0 to give the first approximation r1 = 1/3 . Since f(r1) = �2/27 , the new bracket is [0, 1/3] .
The line L2(x) through the points (x, y) = (0, 1) and (1/3,�2/27) is

L2(x) = 1 +
�2/27� 1

1/3� 0
x = 1� 29

9
x

The approximation given by two steps is r2 , where L2(r2) = 0 , which implies r2 = 9/27 .
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3. [12pts] (a) Let

g(x) = 5 +
2

3
sinx, I = [⇡, 2⇡]

Student X claims that the fixed-point iteration, xn+1 = g(xn) , converges to the unique fixed point in I

for any starting value x0 in I . Use the Fixed-Point theorem to support this claim or state why the claim
may not be true.

Solution

First show that g maps I into itself. Check endpoints

g(⇡) = g(2⇡) = 5 2 I

Also, check for local extrema

g
0(x) =

2

3
cosx = 0 ) x =

3⇡

2
2 I

and

g(3⇡/2) = 5� 2

3
2 I

Thus g 2 I whenever x 2 I . Second, note that |g0|  2/3 for all x including x 2 I . Thus, according to
the Fixed-Point Theorem, the iteration converges for all x0 2 I . Student X is correct.
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3. (b) A smooth function F (x) has a simple root at x = r . Newton’s method is used to compute the root
using a starting value x0 chosen close enough to r so that the iteration converges. Of the three plots below,
which one best describes the behavior of the error, En = |xn � r| , as a function of n . Explain.

1 2 3 4 5 6

n

10
-10

10
-5

E
n

Plot A

1 2 3 4 5

n

10
-15

10
-10

10
-5

10
0

E
n

Plot B

1 2 3 4

n

10
-15

10
-10

10
-5

10
0

E
n

Plot C

Solution

Newton’s method converges quadratically so that En+1 ⇡ CE
2
n , where C is a constant. Consider the

data...

For Plot A, the data appears to be

E1 = 10�1
, E2 = 10�3

, E3 = 10�5
, . . . ) En+1 ⇡ 1

100En , i.e. linear convergence

For Plot B, the data appears to be

E1 = 10�1
, E2 = 10�2

, E3 = 10�4
, . . . ) En+1 ⇡ E

2
n , i.e. quadratic convergence

Finally, the data for Plot C appears to be

E1 = 10�1
, E2 = 10�3

, E3 = 10�9
, . . . ) En+1 ⇡ E

3
n , i.e. cubic convergence

The answer is Plot B.
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4. [12pts] (a) Let

A =

2

64
2 1 �1

6 2 1

�2 1 �4

3

75

Use row elimination to find a lower triangular matrix L (with ones on the main diagonal) and an upper
triangular matrix U such that LU = A .

Solution

Let

M1 =

2

64
1 0 0

�3 1 0

1 0 1

3

75 ) M1A =

2

64
2 1 �1

0 �1 4

0 2 �5

3

75

and then

M2 =

2

64
1 0 0

0 1 0

0 2 1

3

75 ) M2M1A =

2

64
2 1 �1

0 �1 4

0 0 3

3

75

So,

L =

2

64
1 0 0

3 1 0

�1 �2 1

3

75 and U =

2

64
2 1 �1

0 �1 4

0 0 3

3

75
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4. (b) Consider the following sequence of Matlab commands:

>> n=100; A=rand(n,n);
>> x=ones(n,1); b=A*x;
>> xc=myLinearSystemSolver(A,b);
>> norm(b-A*xc)/norm(b)

ans =

4.2804e-16

>> delta=norm(xc-x)/norm(x);

Determine an estimate for the value of delta or explain why there is insu�cient information given to provide
an accurate estimate.

Solution

Since
kb�Axck

kbk = O(✏mach)

suggests that the linear solver is backwards stable. Thus,

delta =
kxc � xk

kxk  (A)✏mach

Since the condition number (A) is not given, there is insu�cient information given to provide an accurate
estimate.
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5. [12pts] Let

A =

2

64
↵ 2 0

2 4 �

0 � 5

3

75

where ↵ and � are real constants.

(a) Determine all values of ↵ such that A is symmetric, positive definite when � = 0 .

(b) Find the Cholesky factorization of A when ↵ = 3 and � = �2 .

Solutions

(a) Note that A is symmetric for all values of ↵ and � . If � = 0 , we have

x
T
Ax = ↵x

2
1 + 4x1x2 + 4x2

2 + 5x2
3 = (↵� 1)x2

1 + (x1 + 2x2)
2 + 5x2

3 � 0 if ↵ � 1 .

Also, x
T
Ax = 0 implies x3 = 0 , x1 + 2x2 = 0 and (↵� 1)x2

1 = 0 . If ↵ > 1 , then x1 = 0 which implies
x2 = 0 . So, A is symmetric, positive definite if ↵ > 1 .

(a) Let

L =

2

64
`11 0 0

`21 `22 0

0 `32 `33

3

75 ) LL
T =

2

64
`
2
11 `11`21 0

`11`21 `
2
22 + `

2
21 `22`32

0 `22`32 `
2
33 + `

2
32

3

75

Set A = LL
T when ↵ = 3 and � = �2 gives

`11 =
p
3, `21 = 2/

p
3, `22 = 2

p
2/3, `32 = �

p
3/2, `33 =

p
7/2
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